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Which Way Arithmetic? 
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OMETHING IS HAPPENING to the way 
S arithmetic is being taught in the ele- 
mentary school. This fact is so obvious it 
need not be documented A few minutes 
spent comparing the books of today with 
books published just a few years ago will 
show this to be true. What is producing 
this change? 


The Old Arithmetic 


Arithmetic is emerging from a period in 
which it was broken up into small “learn- 
ing bits.’’ It was fragmented to make the 
subject easier to learn. After all, so the 
reasoning went, complex skills are de- 
veloped by drilling on one little part of 
the ski!’ before undertaking the task of 
mastering another part of the skill. This 
position was taken because the processes 
(addition, subtraction, multiplication, and 
division) were emphasized almost to the 
exclusion of thought processes and be- 
cause, formerly, it was thought that, 
“Teaching the fundamental facts of arith- 
metic is a habit-forming process. What we 
desire to do is to form bonds in the child's 
nervous system between stimuli and re- 
sponses.”*! 

Such a concept of how children learn 
arithmetic resulted in emphasizing proper 
drill procedures and in analyzing the sub- 


1 Robert Lee Morton, Teaching Arithmetic in 
the Primary Grades, (New York: Silver Burdett 
Company, 1927), p. 35. (The author modified 
his position considerably in subsequent editions 
of his book). 


ject of arithmetic into unit skills. The proc- 
ess of breaking arithmetic into “little 
pieces”’ is illustrated by indicating some 
of the unit skills frequently mentioned in 
methods books which discuss the teaching 
of addition. 


1) Easy column addition (sums under 
10) 
2) Column addition (sums in the teens) 
3) Zeros in column addition 
Higher decade addition 
)} Column addition (sums in the twen- 
ties) 
6) Column addition (sums in the thir- 
ties) 
7) Addition practice preliminary to 
carrying in multiplication 
8) Addends of two or more digits 
a) no carrying 
b) carrying io tens place only 
c) three digit answer 
d) carrying in tens and one place 
9) Addends of unequal length 
10) Addends of three or more digits 


hi 


Or 


Splitting the processes into small items 
was the prevailing mode less than twenty 
years ago and, in many instances, it is 
still the mode today. A book used widely 
in the late 1930’s and 1940’s states, ‘‘More 
and more, primary teachers are realizing 
the importance of making a detailed an- 
alvsis of the materials of the curriculum 
and the necessity of arranging a graded 
list of exercises through the use of which 
the pupils may gain a thorough knowledge 
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of the subject-matter and acquire the de- 
sired habits.’’? Other instances of the frag- 
mentation of arithmetic can be readily 
found in the literature. Notable among 
these, is the 80 skills in the division of com- 
mon fractions found by F. B. Knight and 
his pupils.’ 


The Revolt Against the Old Arithmetic 


Analyzing the processes of arithmetic 
into minute skills did not go on without 
vigorous protests from a number of edu- 
cators. In 1937 Wheat wrote, ‘“‘We have 
moved from the piecemeal type of instruc- 
tion advocated by Pestalozzi in our teach- 
ing of reading and writing. We remain, 
however, in the Pestalozzian period of 
meticulous dissection in our teaching of 
arithmetic. In this, the twentieth cen- 
tury, our arithmetic is in the main in the 
early nineteenth century period of de- 
velopment. This subject has been analyzed 
for the pupil into a multitude of combina- 
tions, processes, formulas, rules, types of 
problems, etc., and the pupil is taught 
each in turn as a separate item of experi- 
ence. Often, when he has completed the 
course, he knows only those parts that he 
can still remember, and they all seem to 
him as separate and unrelated combi- 
nations, processes, formulas, rvles, and 
types of problems to be solved. Finally, 
when his memory for these separate items 
fails him, he has nothing left to carry into 
his adult world but the remembrances of 
a series of meaningless, uninteresting, and 
unpleasant experiences that his classes in 
arithmetic seem to have provided him.’ 

In 1941 T. R. McConnell wrote, ‘‘In the 
case of arithmetic, attempts to psycholo- 
gize the subject appear to have damaged it 


2? Robert Lee Morton, Teaching Arithmetic in 
the Elementary School, (New York: Silver Bur- 
dett Company, 1937), Volume 1, p. 204. 

3G. M. Ruch, F. B. Knight, E. A. Olander, 
and G. E. Russell. Schemata for the Analysis of 
Drill in Fractions. University of Iowa Studies in 
Education, Volume X, Number 2 (Educational 
Psychology Series, No. 3), 1936. 

4 Harry Grove Wheat, ‘‘The Psychology and 
Teaching of Arithmetic,” (Boston: D. C. Heath 
and Company, 1937), p. 156. . 


both logically and psychologically. By de- 
composing it into a multitude of rela- 
tively unrelated connections or facts, psy- 
chologists have mutilated it mathemat- 
ically, and, at the same time, by empha- 
sizing or encouraging discreteness and 
specificity rather than relatedness and 
generalization, they have distorted it psy- 
chologically. They have obscured the sys- 
tematic character of the subject, and have 
created a doubtiul conception of how 
children learn it. Furthermore, the prac- 
tice of connectionism in arithmetic leads 
almost inevitably to immediate emphasis 
on rapid and accurate computation rather 
than on the development of the ability to 
think quantitatively.’ 

But in spite of vigorous protests, the 
forces of the specitic habit advocates were 
too strong. Arithmetic was divided and 
divided into so-calied “learning units’ un- 
til it was hard for the learner and the 
teacher to see that the subject really con- 
tained fundamental ideas—ideas which 
enabled people to meet daily life situations 
efficiently. Instead, arithmetic became a 
machine, a tool subject, with facts to be 
memorized by the carload and specific 
rules to be kept in mind to solve problems 
that had been typed for the pupil. With 
such a program, it is little wonder that 
many people rapidly lost faith in arith- 
metic as a subject containing much that is 
of educational worth. A certain mini- 
mum amount of arithmetic was a neces- 
sity for an educational program emphasiz- 
ing living in a technical society; after all, 
the children would be required to buy 
groceries at some future date. Beyond this 
minimum, however, many educators saw 
little or no value in arithmetic. Arith- 
metic had come to a “pretty pass” be- 
cause of a faulty theory of learning and a 
misguided philosophy of education. 


5 T. R. McConnell, “Recent Trends in Learn- 
ing Theory: Their Application to the Psychology 
of Arithmetic,” Arithmetic in General Education 
Sixteenth Yearbook, The National Council of 
Teachers of Mathematics, (New York: Bureau 
of Publications, Teachers College, Columbia 
University, 1941), p. 275. 
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Some Ideas Producing a Change 


Warnings, such as those quoted above, 
that the practice of breaking arithmetic 
into unit skills creates “a doubtful con- 
ception of how children learn” are grad- 
ually taking effect. As a result teachers 
are now more willing to put into effect 
certain elements of a new psychology of 
learning and to place less emphasis on cer- 
tain principles and practices of a specific 
habit psychology. Space does not permit 
a detailed discussion of this point even 
though it is important enough to merit it. 
Only a few of the principles and ideas 
which are not a part of the specific habit 
psychology and which are being more 
readily accepted today—in theory at 
least, if not in practice—will be ideunti- 
fied. 

Insight. Today teachers intuitively ac- 
cept the fact that insight is important in 
the teaching of arithmetic. To this end, 
they feel that the ability to visualize and 
imagine is the key to developing thought 
processes. Consequently methods of today 
place an emphasis on such things as ten’s 
blocks to develop the concept of place 
value. Once the thought processes have 
been stimulated by the manipulation of 
the blocks, teachers encourage the child 
to substitute symbols as a more efficient 
way to think about quantities. Through 
this means insight is gained into the 
structure of the decimal system of num- 
bers. Today, thought and action are recog- 
nized as being “‘in the same world’ and 
both are necessary to attain a real under- 
standing of the fundamentals of arith- 
metic. 

Growth Processes. There is greater reali- 
zation on the part of today’s teachers that 
Jearning is a growth process and that 
habituation is the final stage in learning. 
This means that in the initial stages of 
learning a process immature and inefficient 
responses are acceptable. The problem in 
teaching becomes that of changing the 
child’s response to one that is more ac- 
ceptable by adult standards. Further- 
more, it is being more widely accepted 
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that drill does not contribute a great deal 
to this growth process. 

Thinking. It is recognized, today, that 
understanding, insights, and meanings 
help children to think about quantity 
and to produce rapid and accurate com- 
puters. The days of “this is the way you 
get the answer” teaching are passé. Today 
the teacher encourages the child to struc- 
ture ideas and symbolize them so as to 
produce the arithmetic power that can 
only develop through meanings and in- 
sight. 

Experience. Teachers believe, today, 
that abstractions and generalizations de- 
velop out of many experiences with ob- 
jects and that symbolization of these ex- 
periences is a later stage in the learning of 
arithmetic. As a result, more emphasis is 
being placed on visual aids in the teach- 
ing of arithmetic. The modern yisual aids 
program is not the old concrete to the ab- 
stract program of yesterday. Now teachers 
realize that the symbols 5+4=9 are not 
necessarily abstract for the child. If the 
child realizes that they symbolize a 
situation in which a group of 4 joins a 
group of 5 to make a group of 9, 5+4=9 
is not abstract, although the child has 
made an abstraction. 

While other changes in the funda- 
mental concept of how children ‘earn 
arithmetic could be given, these will 
serve to illustrate the basic reason for the 
changes in arithmetic over the past two 
decades. By and large, these changes have 
been accepted as desirable by teachers 
but they have not always known how to 
make maximum use of some of the new 
principles to produce a better arithmetic 
program. Some teachers have reluctantly 
accepted the new ideas. Still others have 
rejected them entirely because they can- 
not, or will not, break patterns of thought 
and practice that they have developed 
over a term of many years, even though 
evidence may not support their position. 
Such a stand, of course, puts the conven- 


ience of the teacher above the welfare of 
the child. 
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Using New Principles of Learning 


While such principles as those referred 
to above are being more readily accepted 
today, there is still real reason to believe 
that a more ready acceptance of these 
principles would benefit the child a great 
deal. To this end, some rethinking must 
ve done in the field of arithmetic. The proc- 
esses of arithmetic are still atomized to a 
great extent. A study of the teaching 
division in the fourth, fifth, and sixth 
grades in most any textbook will supply 
sufficient evidence to this effect. To break 
the process of division into some thirty 
unit skills, not counting the basic division 
facts, is an all too common practice. This 
is a hangover from the days of specific 
habits. Furthermore, teachers still place too 
much faith in drill as a stimulant to the 
learning process. This too has been retained 
from the days of a specific-habit psy- 
chology. 

While arithmetic has changed, it has 
not gone far enough. Newer principles of 
learning have not been consistently ap- 
plied. Arithmetic is still caught in the 
coils of tradition in spite of some rather 
sound evidence that changes are overdue. 
Only a few of these overdue changes will 
be considered in this article. 

Problem solving. Volumes have. been 
written about problem solving. Problems 
have been analyzed and children have 
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been tested, interviewed, and analyzed, 
but the difficulty still remains. Some 
children still want to add when they 
encounter a “how many more are needed”’ 
problem. Why? 

In the initial stages, children learn by 
showing them things, and by manipulat- 
ing objects. This showing, doing, and act- 
ing eventually are put aside as inefficient 
ways of responding to situations and a 
symbolic response is substituted for what 
the child has observed happening in the 
situation. This is the “thought follows 
from action” principle which has been 
creeping into the teaching of arithmetic. 
Let us illustrate how this operates in 
learning how to solve problems. 

Children are taught that when groups 
are joined the process of addition is used 
to find the size of the resulting group. 
This is illustrated in actual teaching by 
taking a group of blocks, objects, markers, 
ete. and showing just what happens. The 
sequence of pictures below (Figure 1) il- 
lustrates what a teacher might do to show 
a child what 6+3=9 means. Note that 
actions are used. The child sees one group 
joining another group. After a few more 
experiences with such situations the child 
associates addition with the joining of two 
groups. Furthermore, he should associate 
6+3=9 with all those situations in which 
a group of 3 joins a group of 6. Because of 


hs 
arn 


Od 
000 
O @ 


How many blocks does 
Mary have? 


Fic. 1 





DECEMBER, 1955 


these experiences with the joining actions, 
the child recognizes an addition situation 
when he sees it. The words used (how 
many in all; sum; etc.) are not used to 
identify the situation. It is the total event 
—mainly the actions; that which is hap- 
pening—that identifies the situation for 
the child. Thus, regardless of whether the 
situation involves birds fiving, pennies 
earned, cookies given, etc., all “joining 
situations” are additive situations and 
are symbolized by an expression such as 
6+3=9.5 

Now assume that the teacher has firmly 
implanted in the mind of the child that the 
joining of two groups (regardless of the 
words used) is a characteristic of addition. 
(For our purpose we wil! call it an additive 
situation.) The child is then ready to solve 
a different kind of additive problem. Con- 
sider this one: Mary had 6 cents. Her 
nother gave her some more money and 
then she had 9 cents. How much money 
did Mary then have? The sequence of 
pictures below (Figure 2) shows what hap- 
pened. 

Notice that two growps joined. Previously 
—through actions and words—the teacher 
has told the child that such “joining” 
situations are “‘addition problems.”’ How- 
ever, standard practice dictates that we 
tell the pupil to subtract to get the answer. 
In view of the child’s first experience with 

6 The situations just discussed are used to 


introduce addition. They will be called the con- 
cept-forming situations. 
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(Blocks in box joining the 6 
blocks.) 
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joining groups, is it any wonder that 
children want to add to solve the “how 
many were added” and the “how many 
are needed” problems? 

In this instance the teacher has been 
unconsciously clever. She has joined two 
groups BUT SHE DIDN’T TELL THE 
CHILD THE SIZE OF THE JOINING 
GROUP. She then told the child that it is 
a subtraction problem.’? Confusion? Most 
certainly! Trouble with problem solving? 
Most certainly! 

The fact is that this is an additive 
situation and should be so presented to 
the child if we are to avoid confusion. 
Only by so doing can we avoid having the 
child say, ‘“The words are like adding but 
you subtract.”” In these situations the 
child should be taught to symbolize, (1) 
what happens in the situation by writing 
an equation 6-+N =9, (2) to do the neces- 
sary subtracting by writing the numbers 
in computational form; i.e. 9, and (3) to 

6 
interpret this result in terms of the original 
situation by writing 6+3=9. Through 
this method the concept forming situation 
(6 apples and 3 apples are how many 
apples) serves as a basis for further learn- 
ing. The procedure outlined here would 
prevent the confusion that is evident 


7 For purposes of this discussion, we assume 
that the child has been taught that separating a 
subgroup from a group is the chief characteristic 
of a subtractive situation. 
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when the child works the above problem 
by writing 6 

+3 

9. 

Note that the answer was written as an 
addend. This is a very natural thing to do 
in the light of the child’s past experiences. 
Such reactions are indications of the 
child’s thought processes in these prob- 
lems. He thinks of them as additive 
situations. 

There is yet a third kind of additive 
situation—an instance in which two 
groups join. Jon had some blocks. His 
mother gave him 3 blocks. Jon then found 
that he had 9 blocks. How many blocks 
did Jon have originally? The situation is 
shown in Figure 3. Here again the teacher 
can ‘‘out-fox”’ the child and herself uniess 
she is careful. Note that, again in this in- 
stance, two groups are joining (additive) 
but that the group that is being joined is 
not known while the joining group (3 
blocks) is known. If the child has learned 
his initial lesson well, he should call this 
addition. 

In order to avoid confusion the child 
should be taught, (1) to write an equation 
showing what happened in the situation by 
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writing N+3=9, (2) to do the necessary 
computing by writing 9, and (3) to inter- 
4 
6 
pret this answer in terms of the original 
problem by writing 6+3=9.5 

From this discussion it is evident that 
there are three kinds of additive situations 
at least two of which are commonly 
taught in the second and third grade. 
These problems should be taught so as to 
emphasize their similarities. This is in 
agreement with the newer psychology. 
They should not be taught by rule (To 
find how many more are needed you sub- 
tract.). Rule teaching and ‘“‘cue”’ teaching 
is a principle of the older psychology 
which is finding less javor in the modern 
classroom. 

To teach arithmetic the new way re- 
quires a new frame of mind on the part of 
the teacher; it requires a new set of tech- 
niques. Arithmetic can be taught this way; 
it should be taught this way. 

’ The last two additive situations correspond 
to Harold Moser’s “‘twilizht zones” in division. 
See Harold Moser, “*Can We Teach to Distin- 
guish the Measurement and Partition Idea in 
Division?” The Mathematics Teacher, Vol. XLV 
(February, 1952), pp. 94-07. 
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Jon had some blocks. 
(Pictured as hidden in the 
box.) 


His mother gave him 3 more 
blocks. (3 blocks joining an 
unknown number of blocks.) 





Jon then found that he had 9 Es 
blocks. How many blocks did = 
Jon have at first? 
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Processing Numbers. Traditionally arith- 


. metic has been thought of as number proc- 
s essing only. That it is a means of sym- 
. bolizing experiences is rather a foreign 


thought to most programs of arithmetic. 
This, of course, is a resuit of the connec- 
tionistic psychology that has dominated 
the subject for so many years. Here, as in 
problem solving, teachers must rethink 
their instructional program. 

On the previous pages we have already 
illustrated how, in the past, arithmetic 
was analyzed into unit skilis. In order 
to illustrate how arithmetic instruction 
should retreat from this practice, a small 
segment of the process of addition of in- 
tegers will be discussed. 

A recommended procedure for teaching 
children how to add two two-digit num- 
bers consists of the following.* 


Teach the addition of exact tens— 
30+20= 
Teach the addition of an exact ten 
and another two digit number— 
30+41= 


Teach the addition of two two-digit 
numbers without carrving—32+ 46 = 
d) Teach the addition of two two-digit 
numbers with carrying—36+28 = 


Several questions arise concerning such 
commonly practiced procedures. First, is 
it necessary to break the process into four 
separate steps? Is McConnell’s statement 
that “Evidence is accumulating slowly but 
surely which reveals that when the learner 
understands the number system and the 
operations which its structure permits, 
he has developed insight into arithmetical 
processes which makes instruction and 
drill on each variant or every specific ‘fact’ 
unnecessary,’!® applicable here? Thirdly, 
when the child adds 21 is he really think- 

45 


* Herbert F. Spitzer, The Teaching of Arith- 
metic. (New York: Houghton Mifflin Company, 
1954), pp. 107-111. 

10 Op. cit., p. 276. 
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ing about adding 21 and 45 or is he think- 
ing about adding 1 and 5; then 2 and 4; 
placing the answers in close proximity? 
To state this last question another way; is 
the child really getting the basic idea of 
adding two-digit numbers while learning 
to add without carrying, or is he acquiring 
some machinery which must be modified 
at a future date? 

There is reason to question the usual 
approach to adding two two-digit num- 
bers. Let us assume that the child has a 
good background in the number system, 
developed through a well-planned program 
of instruction. Why not let the child in on 
the whole secret at once by teaching him 
to add such numbers as 46 and 17 the 
first time a two-digit addition problem is 
encountered? This procedure requires 
him to think about adding 46 and 17 not 
just two instances of basic number com- 
binations. The examples, 21+45, 30+67, 
and 30+20 all become interesting special 
cases of an important idea—adding two 
two-digit numbers without carrying in- 
volved. The child now has the general 
idea. He does not need drill on each 
variant of the general case—the whole idea 
—but he does need to see how they all are 
special cases of a larger whole. Maybe, 
arithmetic is better taught and easier 
learned if the teacher emphasizes systems 
of ideas anc variants of the s:stem—dif- 
ferentiation—rather than trying to build 
a system by teaching parts first and letting 
the child in on the secret at the final stage 
of the learning process. 

Division, Divison furnishes another ex- 
cellent but lengthy illustration of how a 
process has been divided into parts, there- 
by losing the general idea. There is no 
reason why the concept of subtracting 
successive multiples of the divisor should 
not be the basic idea around which the 
whole division program is built. At a very 
early stage in the process a child could 
then find how many 12’s in 50 by any one 
of the following methods: 
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The central idea used here is to sub- 
tract as many multiples of the divisors 
as you can. If you don’t take away enough, 
then take away some more multiples of 
the divisor. This is all there is to division 
(measurement) for the remainder of the 
instructional program. Nothing more; 
nothing less. As the child becomes more 
proficient with the machinery, he will 
shorten the computation, but the thought 
processes are not varied throughout the 
whole instructional program. 

Same Answers—Same Thought Processes. 
It is prevalent in arithmetic to think that 
because two operations give the same 
answer, the thought processes must be the 
same. This misconception is illustrated by 
the usual instructions accompanying the 
following problem. Mary has 24 apples 
which she wants to place in 4 boxes with 
the same number of apples in each box. 
How many apples should she place in 
each box? Common practice instructs the 
child to take } of 24 since this is the same 
as 24+4. This is an error from two points 
of view. In the first place, if the child is 
taught that the partitive-division problem 
given above can be solved by taking } of 
24, he will associate division with the 
process of taking } of 24. Later on he 
must learn that } of 24 is multiplication, 
and he must symbolize it by writing } X24. 
Confusion? Of course! 

In the second place, the mental set for a 
partitive-division situation is not the 
same as it is in a } of 24 situation. In the 
partitive-division situation the center of 
attention is on the equality of ALL the 


groups. Thisis as it should be. Any anxiety 
about the situation ends here. There are 6 
in each group and all the groups have the 
same number. The problem is solved. In 
the + of 24 situation the attention is cen- 
tered on the equality of all groups as in 
partitive division, BUT now there is an 
additional step. The attention is next 
centered on one of the groups as satisfying 
the conditions of the problem. Thus, if 
Johnny gets } of the 24 apples, he pays 
attention to the equal groups (of 6) first 
and then centers his attention on just one 
of the + equal groups. The mental set in a 
situation symbolized by } of 24=N is 
different from the mental set in a situation 
symbolized by 24+4=N" 


The Professors’ Errors 


Over the years a number of terms have 
developed in the terminology of the teach- 
ing of arithmetic that could well be 
dropped. True, the retention or the elimi- 
nation of these terms would have little or 
no effect on the arithmetic curriculum, 
but their very existence indicates the de- 
gree of confusion that exists in (1) the 
terminology of arithmetic, and (2) the 
analysis of the thought processes which 
the symbols represent. A few of the more 
common of the errors will be considered. 

The Abstract Multipiier. Johnny put 
six apples in each of three boxes. How 
many apples did Johnny put in the boxes 
all together? In a common analysis of this 
situation, it is contended that three is an 
“abstract number’: the six is “concrete” — 
6 apples—and the answer (18) is “con- 
crete’’—J8 apples. 

The diagram in Figure 4 pictures the 
situation. Here we see the six apples in 
each of the three boxes. Which numbers 
are the so-called “concrete” numbers? In 
the first place, there are three groups of 
apples. These groups are just as “con- 
crete” as the apples themselves. In the 


« The partitive division problem under con- 
sideration should be symbolized by writing 
24+N=4. Measurement problems should be 
symbolized by writing 2i+4=N. 
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second place, there are 6 apples per group; 


not just six apples as claimed by some 
analysis of such problem situations. A 
closer analysis of multiplicative (and divi- 
sive) situations shows that they always 
contain a rate number. The 6 apples per 
group is a rate number. 

Simple multiplicative and divisive situ- 
ations always contain three numbers. One 
number indicates the number of groups 
under consideration. A second number 
indicates the number of objects per 
group—a rate number. The third number 
indicates the total number of objects that 
are under consideration—the number of 
objects in all of the groups. All three must 
be considered as ‘“‘concrete” numbers or 
as “abstract”’ numbers. There is no logical 
alternative. 

This analysis shows that there is no 
reason to call the multiplier abstract, in 
fact, it is in error to do so. Mathematically, 
all the numbers should be abstracted from 
the situation for computational purposes 
and we should write 3X6=18. Having 
obtained the 18 it should then be inter- 
preted in terms of the problem situation. 
To write 3X6 apples = 18 apples is math- 
ematically incorrect because denomina- 
tions should not appear in a mathematical 
equation. Physicists frequently do put 
the denominations in the equation. If 
this practice is followed. then the dimen- 
sional analysis shows that the equation 
should be written as 


3 groups X6 apples per group =18 apples 
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The Three Meanings of a Fraction. Here 
we have the confusion caused by having 
the same word for the symbol and the 
idea. This confusion is avoided in the case 
of integers by calling the symbol ‘2” a 
numeral and the idea it stands for a 
number. 

The symbol ‘‘3” is commonly called a 
fraction. The idea it stands for is a com- 
bination of partitive division and a count- 
ing (cardinal) number. Thus, to take 7 
of 24 we divide 24 into three equal parts 
(partitive-divisive) and then count out 2 
of the 3 groups. This is the fraction idea 
and the symbol for the combination of 
these two ideas is 2. 

Now, unfortunately, we use the same 
symbol, 3, to stand for other ideas. Thus 
it may represent the ratio of two to three. 
But the ratio of two to three is not a frac- 
tion. It is not partitive division plus a 
cardinal number. So, it is not another 
meaning of a fraction, but it is another 
idea for which the same symbol is used as 
for the fraction idea. 

The symbol “‘3”’ is also used to indicate 
a division. In this case the same symbol 
stands for yet another idea, but it is not 
the idea of a fraction. 

This analysis shows that the term “three 
meanings of a fraction” is a loose verbage. 
There are three ideas represenied Ly the saine 
symbol. This is common practice in the 
English language as it is in mathematics. 
The word “wind” has at least two mean- 
ings. However, note that we do not speak 
of the two meanings of “wind” or ‘‘wind.” 
Many other examples could be given of 
multiple meanings of a symbol. 

Concrete Number and Abstract Number. 
Number is an idea and as such it cannot 
be concrete. So in reality the term “‘con- 
crete number’”’ is a contradiction. It would 
be much better to say that two apples is 
a representation of the number two. The 
number is not concrete but its representa- 
tion may be concrete. 

There term “abstract number” is a good 
example of a term not needed at all. Num- 
ber is an abstraction. Hence, the term 
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“abstract number’’ says, in effect, an 
abstract abstraction. This is excess ver- 
bage. The adjective ‘‘abstract’? may as 
well be dropped. The symbol ‘3”’ then is 
spoken of as a numeral and the idea it 
represents is a number. Abstract number? 
Why not use “number” only? 


In Conclusion 


Like the american automobile, new 
models of the arithmetic program are 
coming out. The new arithmetic models 
have been coming out for the past few 
years. The underlying reasons for the new 
models in the arithmetic program is that 
teachers are slowly but surely changing 
their concept of how children learn arith- 
metic. This requires new ideas, new 
techniques, and new equipment. Further- 
more, it requires some deep thought on the 
part of all of those who are responsible for 
any part of the program for educating the 
elementary school child. 

Some teachers will say, ‘These new 
ideas are too hard. We can’t teach them 
to kids.” This may be true, but it should be 
kept in mind that for adults to relearn is 
often more difficult than it is for the child 
to learn. To relearn requires the checking 
of reactions that may have been habitu- 
ated for years and years, and what is 
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more difficult to break than a well estab- 
lished habit? Children do not have these 
response patterns for arithmetic habit- 
uated. They don’t have the same learning 
problem the teacher has. Hence, it does 
not necessarily follow that what is hard for 
‘he teacher is also hard for the child. 

The features of the 1960 model for 
arithmetic are being made by the teacher 
in the classroom during the years 1953- 
1960. The horsepower of the engine to be 
placed in this model is being determined 
in these same classrooms during the same 
period. Whether this horsepower and the 
features of the new model will be good or 
bad, adequate or not adequate, will de- 
pend, to a great extent, on how much we 
know about the thing we are working- 
with—the child and the learning process. 

Epitor’s Note. Dr. Van Engen has thought 
a good deal about several basic considerations in 
Arithmetic. He has made an excellent beginning 
in rethinking the implications of newer princi- 
ples of learning and their application to a 
modern program of teaching and learning arith- 
metic. Other leaders ought to be pioneering and 
still others, particularly those who are teaching 
the teachers of arithmetic, should be experi- 
menting with new modes of organizing content 
and learning. Do you agree with Mr. Van 
Engen’s analyses and conclusions? Is it more 
important in the new arithmetic that children 
learn to distinguish “measurement” division 
from “‘partitive” division? Who will carry forth 
the argument? 
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Ten Years of Meaningful Arithmetic in 
New York City 


Laura K. Eaps 
Bureau of Curriculum Research, New York City Public Schools 


URING THE PAST 10 YEARS meaningful 
D arithmetic has become the generally 
accepted method of teaching and learning 
in the elementary schools of New York 
City. This means that some 20,000 super- 
visors and teachers are now making vary- 
ing efforts to help children think mathe- 
matically and to understand the mathema- 
tics they learn. It means also that these 
supervisors and teachers are learning or 
have learned the meaning of arithmetic 
themselves. 

Sporadic efforts to develop a program 
of meaningful arithmetic in New York 
City have been made since the beginning 
of the century. As recently as 1930 Saul 
Badanes, then a principal in one of the 
city’s elementary schools, prepared ma- 
terials for teachers and children in the 
primary grades. In the Teacher’s Book 
he stated: ‘‘We show the teacher how to 
lead the pupil, by means of his own self- 
activity, to a clear understanding of and 
insight into the learning procecs. We help 
the teacher fix permanently in the mind 
of the pupil the results of his own experi- 
ences and investigations, not by mere 
monotonous repetitions and verbal asso- 
ciations, but by means of associations 
resulting from the thoughtful organiza- 
tion of each unit of instruction.” “All 
devices, all objective illustrations should 
be placed in the hands of every child.” 
“‘We make drill work conscious and delib- 
erate, namely, after the pupil has gained 
insight into the concept of number and 
the meaning of operations with number 
through a long series of observation and 
self-activity.”” (Macmillan Company.) 

The Badanes program was inaugurated 
in a few experimental schools but, despite 
the enthusiasm of supervisors and teachers 


in these schools, meaningful arithmetic 
was not adopted in other schools and did 
not become officially accepted. By 1945 
there were only a few supervisors and 
teachers who practiced any of the Badanes 
procedures of teaching arithmetic. 


Planning a Curriculum Project 
in Arithmetic 

The present program of meaningful 
arithmetic was planned in detail as part of 
a total curriculum program. The results of 
research in child development, in learning, 
and in learning arithmetic were studied 
and analyzed. Prevailing over-all curricu- 
lum programs and programs for teaching 
arithmetic were studied with a view to- 
ward outlining ways to reconcile theory 
and practice. 

Ten years ago a detailed “Outline of 
Curriculum Project in Arithmetic’ was 
prepared to get reactions from curriculum 
committees, from individual teachers and 
supervisors, and from the administration. 
Some excerpts from this outline follow: 


Twenty years ago when the Course of 
Study and Syllabus in Arithmetic for Elemen- 
tary Schools was projected and developed, the 
computational aspects of arithmetic were 
emphasized. This was an outgrowth of the 
widely expanding testing movement which, in 
arithmetic emphasized the computational 
aspects rather than the development of con- 
cepts, understandings, and thinking about 
numbers and processes. 

Teachers emphasized the same thing that 
the tests emphasized—getting a correct 
answer. Since right answers could be arrived 
at through memorization, teachers empha- 
sized the memorization of rules for getting the 
right answer most quickly rather than mathe- 
matical thinking; thus came about an era of 
rote learning in arithmetic with its emphasis 
on drill and more drill on number facts and on 
examples. ; 

As might have been expected the children 
didn’t learn why they performed the tricks 
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they did and thus their ability to apply these 
number operations to problems or to real 
situations declined markedly during these 
years, and vet, improvement in computation 
did not result. 

Next, came diagnostic and remedial pro- 
grams in arithmetic. The child’s errors in 
computation were discovered and he was 
helped to re-memorize whatever he forgot or 
to memorize what he hadn’t learned about 
facts and processes. More and more time was 
allotted to arithmetic teaching and re-teach- 
ing—and still the results were disappointing. 

Present-day knowledge of how children 
learn and how they develop concepts indicates 
that. meaning must be developed before the 
computational aspects are stressed. The im- 
portance of the social aspects of arithmetic— 
the social situation to introduce a mathe- 
matical concept as well as social applications 
in problems—is also recognized. 

The child not only is ready for arithmetic 
when he first comes to school, but, actually, 
has been ready for some time before this. But 
the kind of arithmetic he is ready for is very 
different from the kind considered beginning 
arithmetic by many schools and teachers. 

It must not be presumed that because a 
child counts he understands the numbers in- 
volved. It cannot be presumed that he knows 
the mathematical value of the numbers. It 
certainly cannot be presumed that he has a 
working knowledge of any of the numbers in- 
volved. 

Meaningful arithmetic necessitates some 
reorganization of the arithmetic topics to be 
learned. Heretofore, the sequence and the 
grade placement of topics was determined by 
what was known regarding the facility with 
which children could learn number facts and 
processes throug memorization and by rule. 
Where thinking and understanding in arith- 
metic are to be developed, number relation- 
ships and number concepts will be developed 
some time before number facts are learned or 
memorized. 

It is important at this time to plan an ex- 
perimental program designed to explore and 
study issues and problems in developing 
meaningful arithmetic. Such a plan should 
aim to coordinate the various efforts being 
made throughout the city. It should eventuate 
in the development of arithmetic materials 
which will be helpful to teachers and to super- 
visors in organizing an arithmetic curriculum 
program based upon an understanding of how 
children learn, as well as upon an appreciation 
of arithmetic as a systematic science. 


An Exploratory Study 


In September 1945 an exploratory study 
of children’s mathematical thinking and 
of teaching procedures was organized in 
one school. We began with two classes, 
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Grade One and Grade Two. Teachers of 
these classes began to teach mathematical 
relationships, (a) by pointing up mathe- 
matical situations whenever they occurred 
during the school day, (b) through units 
of work, and (c) through planned systemat- 
ic instruction. Children were questioned 
in class groups and individually. The 
thinking of gifted children was particu- 
larly noted. 

During the exploratory study many 
needs arose. Among these were the need 
for: teacher and supervisor reorientation, 
curriculum materials, teacher training 
materials, concrete materials for children, 
re-interpretation of the role of classroom 
experiences, re-allocation of curriculum 
content, re-allocation of teaching time, re- 
evaluation of procedures for group teach- 
ing, re-evaluation of achievement tests in 
arithmetic, re-evaluation of the concept of 
grade placement of content in arithmetic 
in terms of the varying needs of children. 


Preparation of Experimental 
Curriculum Bulletins 


The preparation of curriculum materials 
was necessarily our first consideration. 
These were needed to get official approval 
for experimentation, as well as for use by 
supervisors and teachers of experimental 
classes. The 1937 New York State bulletin, 
Mathematics for Elementary Schools, served 
as the basis for preparing New York City’s 
experimental bulletins. The first of these 
was: Arithmetic: Kindergarten—Grade 
Three (1947, out of print). Other bulletins 
prepared as the experimental program 
proceeded to higher grades were: Mathe- 
matics: 4 (1951), Supplement to Mathemat- 
tes: 4 (1952), Mathematics: 5-6 (1952). 


Evaluation of Experimental 
Curriculum Bulletins 


The next step in the curriculum research 
was an evaluation of the point of view, 
the content, the sequences, and the proce- 
dures suggested in the experimental bul- 
letins, beginning with the bulletin for the 
primary grades. A program of evaluation 
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was planned on two levels: first, experi- 
mental research in selected schools; then, 
experimental tryout on a city-wide basis.’ 

During the year 1947-48 experimental 
research involved classes in Grades 1-4. 
Experimentation was gradually extended 
to include higher grades, as the city-wide 
experimental program was being im- 
plemented in lower grades (one grade at a 
time). 

As the research proceeded. evaluations 
and curriculum adaptations were made co- 
operatively by teachers and supervisors. 
Sometimes these were ‘on-the-spot’ 
adaptations by children and teachers in 
the classroom. Parents too were involved. 
Engineer fathers devised teaching aids. 
Mothers suggested experience situations 
and sent concrete materials—heeds, but- 
tons, felt, etc. They helped their children 
make purchases and measurements and 
keep records of these. These were planned, 
evaluated, and used in the classroom. The 
records provided data for developing 
addition, subtraction, multiplication, divi- 
sion, and measurement. 


Learning How Children Think 


Children were studied in class groups, 


in smaller groups, and_ individually. 
Teachers and supervisors discussed and 
tried a variety of procedures for finding 
out how well children at varying levels of 
maturity understood and could use the 
mathematics they were taught. As ex- 
perimentation proceeded supervisors and 
teachers agreed upon the following condi- 
tions as necessary for developing thinking 
and for finding out what and how children 
think. 

1. Provide time and opportunity for children 
to tell or to show what the mathematics 
means to them. This requires that 
teachers avoid giving clues, asking 
“leading questions,’ or channeling 


1 Assistant Superintendent Arthur Hughson 
described the city-wide program in the No- 
vember, 1955 issue of Tur ARITHMETIC 
TEACHER. 


TEACHER 


children’s thinking in standard pat- 
terns. Questions or comments such as 
the following are suggested: What do 
you mean? What did he say? Can you 
tell it in another way? Tell me more. 
Tell it in your words. Show it with your 
beads. 

This was difficult for some teachers. 
At first they hurried the children— 
listening to children or waiting for 
them seemed a waste of time. When 
children could not show or explain their 
thinking some teachers commented: 
He knows but can’t explain it. I know 
she knows; she knew it yesterday. She 
doesn’t understand what you want; let 
me ask her. It wasn’t easy for teachers 
to learn how long its takes for under- 
standin, to be developed. 

Often, when insight came to a 
teacher, it came suddenly. The day a 
teacher appreciated how understanding 
differed from role verbalization was a 
rewarding day for both that teacher and 
her supervisor. Usually these teachers 
began then and there to help other 
teachers “understand too.” 


2. Accept children’s own expressions. Km- 


phasis on complete sentences, correct 
grammatical expression, precise adult 
mathematical terminology, etc., is 
lixely to interfere with children’s 
thinking out of mathematical solutions. 

Teachers found it difficult at first to 
hear how children really expressed 
themselves. Their first records of 
children’s words were edited records. 
Teachers hesitated to quote incomplete 
sentences or ungrammatical expres- 
sions. After teachers learned to hear 
what children really said, they began 
to hear what their colleagues too said. 
They reported that few adults used 
complete sentences when thinking 
mathematically, and that incomplete 
sentences and ungrammatical expres 
sions were common. 


. Expect more mature thinking (that is, - 


more precise and more advanced levels ~ 
of thinking) from more mature children 
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than from less mature children. This re- 
quires that teachers know what to 
expect from children at various levels 
of ability. 

Differences among children in type 
and quality of mathematical thinking 
were found to be very marked. Children 
were asked to tell what some common 
mathematical terms meant. Typical 
responses of children in one fifth grade 
class to “What does pair mean?” fol- 
low: Least mature children—A pair of 
something. To add. Pair of shoes. 
Something we eat. Hair. Parents. Two. 
Bright children—Twins are a pair. Two 
of a kind. The double of one thing. 
Two things that go together or people 
that belong together. Two matching 
things. 

Supervisors and teachers were 

amazed at the great disparity in under- 
standing and ability to generalize 
among the most mature and least ma- 
ture children in a class. 
. Tall: less and listen more. This requires 
that teachers stop often to find out 
what children at different ability levels 
are thinking and learning. It requires 
that teachers plan frequently to listen 
to slow children, “average” children, 
and bright children—that they listen 
carefully in order to sense the meaning 
behind each child’s long, involved ex- 
planation. 

Teachers were concerned at first 
about the “waste of time’’ and found 
it difficult to adjust to a talk-less, listen- 
more program. Classroom management 
also needed to be considered. Children 
were accustomed to raising hands 
whenever they wished; in some classes 
children called out answers to “help” 
a slow-thinking child. Teachers soon 
learned that children hesitated to con- 
tinue thinking out solutions when other 
children waved hands. Teaching chil- 
dren to “think along’? with the child 
making an explanation, to listen with- 
out raising hands, took some time. An 
impatient child was encouraged to 


listen carefully and attentively by being 
asked what he had to add to the ex- 
planation, or if he could say it in a 
different way, etc. 

. Differentiate between what you teach 
and what various children learn. This 
requires continuous appraisal of the 
learning of children at varying ability 
levels. 

Mathematical thinking takes longer 
then most teachers realized. After a 
teacher “taught a lesson’ children 
were questioned. Teachers reacted in 
various ways: One teacher insisted 
again and again: But I taught that: 
He should know it. Several teachers 
felt uncertain and asked: But what do 
I teach? Every now and then a teacher 
tried to put the responsibility on the 
children: They come from broken 
homes. Their parents teach them 
arithmetic at home. But gradually 
teachers learned about their children, 
how long it takes for concepts to de- 
velop, how children differ from one 
another, how much ‘luckier’ their 
children were than they (the teachers), 
ete. 

From Grade 5 on, teachers dis- 
covered to their dismay at first. but 
with pride later on, that brighter 
children soon were able to think better 
mathematically than their teachers, 
that challenging these bright children 
to higher levels of thinking required 
that the teacher learn more and more 
mathematics. As one teacher said: “It’s 
hard work, but I love it.”’ 


Developing, Evaluating, and Using 
Concrete Materials 


During these 10 years of experimenta- 
tion, children, teachers, and supervisors 
have devised, improvised, tried out, and 
rejected a variety of types of concrete 
materials to help make mathematics 
meaningful. There is very little that hasn’t 
been thought of or used by some teacher 
in this city. 
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The following excerpts from a Progress 
Report for 1947-48 exemplifies this: 


This phase of arithmetic teaching was new 
to the teachers and to the children as well. 
But it intrigued them. Everyone became ac- 
tive. Beads were strung, cards were cut, sticks 
were bundled together by tens, wooden frames 
were put together, pie plates were divided into 
fractional parts, demonstration tables were 
devised and improvised, milk bottle tops were 
collected, checkers were “found,” milk con- 
tainers were cut and colored, boxes or books 
or statuettes became “‘props,”’ bags for objec- 
tive materials were made, shelves for storing 
material were devised, charts were prepared. 

Materials appeared from everywhere in all 
guises and disguises. They were pulled out of 
long unused closets. They were brought from 
home by the children. They were purchased 
by the teachers. They were prepared by 
teachers and by children. Shop teachers and 
children in the upper grades were called in to 
help. Rows of tens were devised from erst- 
while costume jewelry, babies’ toys, kinder- 
garten beads, shell macaroni, lima beans, 
small jars, clothes pins, etc. The “beads, 
balls, bottles” arithmetic was in full swing. 

Once begun, the emphasis on objective ma- 
terials was difficult to put to constructive use. 
The teachers were gradually helped to realize 
that the manipulation of materials, in and of 
themselves, was not arithmetic for the chil- 
dren. Thinking by the children was re-em- 
phasized. 


Gradually, through the years, teachers 
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New York. Some procedures used in pre- 
paring a bulletin for teachers in Grade 3 
(to accompany and interpret the 1951 
Course of Study) follow. 


1. Tentative material had been prepared 

some years ago and used in mimeo- 
graphed form with study groups of 
supervisors who adapted the materials 
for use in their schools. Problems faced 
by teachers as they used such materials 
were discussed in the study groups. 
Mathematics Coordinators used pre- 
liminary materials in their districts 
throughout the city. 
A committee of teachers and super- 
visors prepared a tentative outline of 
content (8 topics) for the third year. 
As topics were elaborzied they were 
tried out and critically evaluated by 
cooperating supervisors and teachers. 
Reports of procedures and experiences 
found successful in the classroom were 
requested. Every suggestion and criti- 
cism was considered significant. In dis- 
cussing these reactions, consideration 
was given to why the reviewer may 
have reacted as she did, as well as to 
what she actually said. 


and supervisors have come to feel that 
concrete materials are essential in all 
grades. They feel, however, that concrete 
materials are needed only until children 
at various ability levels, and the teacher 
also, understand the mathematics. Less 
mature children need to use concrete 
materials long after the most mature 
children are able to think out mathemati- 
cal relationships referring only to symbols. 


. Revised materials were re-submitted to 
cooperating teachers and supervisors 
to find out if the revision was adequate. 
This procedure is continued until we 
are satisfied that we are preparing the 
kind of material supervisors and teach- 
ers want and can use. Thus, when a 
bulletin is finally issued it has actually 
been in use for some time. 


Children in experimental classes were 
tested at least once a year. Existing stand- 
ardized tests were used. This was impor- 
tant since teachers and supervisors wanted 
to be sure that children were growing in 
ability to compute and to solve paper-and- 
pencil problems, while meaning and the 
thinking out of relationships and solutions 
were stressed. From the beginning, nearly 
all of the experimental classes exceeded 
the national norms in both computation 
and problem solving. 


Widespread Participation in Developing 
and Evaluating Curriculum Materials 


During the first years, experimental 
research involved selected classes in se- 
lected schools. Experimental tryout, one 
year at a time beginning with Grade One, 
was city-wide. 

In preparing and evaluating curriculum 
materials, however, every effort is made to 
involve as many supervisors and classroom 
teachers as feasible in a city as large as 
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Supervisors asked for additional in- 
struments to use in evaluating concepts 
in Arithmetic. Dr. J. Wayne Wrightstone, 
Bureau of Educational Research, directed 
the preparation of the New York Inventory 
of Mathematical Concepts for use in each 
of the elementary grades. 

To help teachers evaluate pupil growth 
and progress “in those aspects of mathe- 
matics in Grade 3 that cannot be measured 
by the usual paper-and-pencil test: meas- 
urement and fractional parts,’’ Associate 
Superintendent Florence S. Beaumont, 
Division of Elementary Schools, directed 
the preparation of a booklet entitled 
Observation Inventory of 
Understanding: Grade Three. 

The program of curriculum develop- 
ment in the area of, arithmetic may be 
briefly characterized as action research 
involving: first, supervisors and teachers 
in selected experimental schools; then, 
supervisors and teachers on a district-wide 
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basis; then, city-wide experimentation 
with tentative curriculum materials; then, 
try-out and evaluation by cooperating 
teachers and supervisors of material pre- 
liminary to publication; and finally, 
publication of bulletins to accompany and 
interpret the 1951 Course of Study in 
Mathematics: Grades K-6. Mathematics: 
1-2 (1955) is the first of a new series of 
bulletins to be published. 


Eprror’s Note. The New York City program 
in arithmetic has received a good deal of atten- 
tion because it is a serious attempt to reorient a 
very large group of teachers. It is not easy for 
teachers to change their thinking and school- 
room procedures after these have been well es- 
tablished. The New York story contains good 
advice for all of us. We must accept our pupils 
as children and encourage them to grow instead 
of imposing an adult pattern upon them in their 
early learning stages. Dr. Eads has been one of the 
prime developers of the New York City program 
of meaningful arithmetic. We shall watch how 
this develops during the next ten years. What 
significant new programs are being created in 
other cities and smaller communities about the 
country? Let us print the story. 
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Labeling Answers to Arithmetic Problems 


ANNA ULLRICH 
Washington School, West Allis, Wisconsin 


MUCH DISPUTED QUESTION which fre- 
A quently confronts the elementary 
school teacher in marking answers to 
problems in arithmetic is: “If the answer 
has no label but is otherwise correct, 
should it be marked right or wrong?” In 
the hope that certain guiding principles 
in the matter of labeling answers might 
be formulated, the writer made a ques- 
tionnaire investigation which involved 
approximately 250 school people ranging 
from teachers to superintendents in Wis- 
consin and some 30 authors of books, 
tests, and articles in periodicals outside 
tle state. The Wisconsin group also in- 
cluded instructors in normal schools, 
colleges, and universities. 

This investigation is the outgrowth of a 
previous study of the literature on the 
teaching of arithmetic and an examination 
of scores of textbooks, standardized tests, 
and the answer keys for both. In the liter- 
ature there was not a single indication of 
guiding principles regarding labeling of 
answers to problems. Many inconsistencies 
were found. The questionnaire for the 
present investigation was based on the 
inconsistencies previously found. The 
questionnaire had two main sections: I— 
GENERAL and t1—MIscELLANEOUS and 
two auxiliary sections; 11—PLEAsE Suc- 
GEST A RULE WHICH ELEMENTARY SCHOOL 
CHILDREN WovuLpD UNDERSTAND AND IV— 
REMARKS. 

In the following copy of the section, “I 
—General,”’ illustrations of the items are 
omitted for conservation of space. 


I—GeENERAL. After each question, please 
underline ‘‘yEs’’ or “‘xo”’. 


A. In general, do you think that the answer 
should be labeled to be considered correct?. . 


. Would you mark an answer correct if the 
child omitted any kind of label whatever in- 
cluding such signs as $, ¢, ° (for degrees) and 
%, except in a problem specifically calling for 


a label a2 in the case of listing recipe in- 
MORNONNNT a cis dak eto eee YES....NO 

. If the problem asks, ‘‘How many?” of a cer- 
tain thing or unit of measure expressed in the 
problem, would you mark an answer correct 
ae 

. Ii the problem asks, “How much?” “What 
amount?” or the like, with reference to a cer- 
tain thing or unit of measure (not including 
money) expressed in the problem, would you 
mark un answer correct if there were no 
label? YES....NO 

. Do you think that a pupil should be re- 
quired to Iasbel an answer if the question 
asked is, “‘How many?” of a certain unit 
of measure, such as, bushels, gallons, pounds, 
miles, etc., but that the label may be omitted 
if the question asked is, ““How many?” of a 
certain thing, such as, trees, cows, marhles, 
pupils, books, ete.? YES....NO 

. Ina problem involving the use of the dollar 
sign (or the cents sign in case the amount is 
less than a dollar) if the question asked is, 
“What amount?” “At what price?” “What is 
the cost?” ‘‘How much?” or the like, would 
you mark the answer correct if the dollar sign 
or cents sign were omitted? YES....NO 

. Would mark correct an answer not 
labeled if the question asked is, ‘‘How far, 
high, deep, long, wide, tall, ete.?” if the unit 
assumed in the answer is that which is ex- 


vou 


. Ina problem dealing with area, if dimensions 
are given in the same unit of measure, would 
you Mark an answer correct, if it were not 

YES...-NO 

Would you mark correct an answer not 
labeled if the question asked is, ‘‘What is the 
length, width, height, depth, thickness, dis- 
tance, etc.?” if the unit assumed in the 
answer is that which is expressed in the 
problem?... YES....NO 

While it has been indicated that this set of 

questions concerns only “problems,” this 

one question refers to “examples.” If among 

a set of examples made up of abstract num- 

bers for testing computation there is an ex- 

ample having the dollar sign, would you 
mark the answer correct if the dollar sign 
were omitted? YES....NO 


TI—MiusceEttanrous. Please underline 
whatever answer or answers you 
would consider correct for each of the 
following problems: 


. A certain village has a population of 1,500 © 
while the neighboring village has a popula- 
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tion of 750. What ts the combined population 
of the two villages? 
2,250 or 2,250 people 
2. What is the average speed of an airplane that 
travels 1,000 miles in 5 hours? 
200 or 200 miles or 200 miles per hour 
3. What is the average speed per hour of an air- 
plane that travels 1,000 miles in 5 hours? 
200 or 200 miles or 200 miles per hour 
. Mrs. Jones used 8 eggs in a cake. What part 
of a dozen is this? 
3 or 3 dozen 
5. The distance through the center of the earth 
is about 8,000 miles while the distance 
around the earth is about 25,000 miles. 


How much greater is the distance around the 
earth? 


17,000 or 17,000 miles 
. Leo weighs 72 pounds. His baby brother 


weighs 18 pounds. How many times as much 
as his baby brother does Leo weigh? 


4 or 4 times 


7. Nancy has a ribbon which is 2 of a yard 


long. What is the length of the ribbon in 
inches? 


30 or 30 inches 


. The front blackboard has an area of 30 


square feet while the side blackboard has an 
area of 48 square feet. How much larger is the 
side blackboard? 


18 or 18 square feet 


. Our school purchased 121 new books for 11 


rooms. What was the average number of books 
bought for each room? 


11 or 11 books 


. Normal body temperature is 98.6°. Billy’s 


temperature was 2.4° above normal. What 
was Billy’s temperature? 


101 or 101° 


The following two charts showing 
sults of the investigation correspond 
the two sections of the questionnaire. 


RESULTS OF ARITHMETIC QUESTIONNAIRE 


I—GENERAL 


JI— MiscELLANEOUS 





Number of Per cent 
Items |} teachers who | _—off 
checked items | teachers 





\ Yes No | Total F 





| 219 277 





80 | 





| 167 | 
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* Considered ambiguous by 21 teachers (7 


per cent). 


Answers 
checked as | Checks 


| Total | 
acceptable | | 





. 2,250 
2,250 people 


| 
| 
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. 200 
200 mi. 
200 mi. per hr. 





. 200 
200 mi. 
200 mi. per hr. 





. 2/3 
2/3 doz. 





. 17,000 
17,000 mi. 














. 4 
4 times 





. 30 
30 in. 





. 18 
18 sq. ft. 





|! 
11 books 








. 101 
101° 
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In the “General” part it is to be ob- 
served that not every teacher checked 
every item. Hence the variation in totals. 
This ‘‘throws off” slightly the accuracy of 
the ‘‘Yes’”’ per cent column for purposes 
of comparison. Allowing for this slight 
inaccuracy, the per cents of “Yes” re- 
sponses in the ‘General’ section follow 
this rank order: 

A 79% 
60% 
AG 


26% 
25% 
, 25% 
29% 9. 12% 
29% 10. 8% 
(Item “E”’ was considered ambiguous 
by 7 per cent.) 


As the charts indicate, the greater num- 
ber favor labeling generally. A good many 
(60%) would permit omission of a label 
for an answer to a problem asking for 
“How many?” of a certain unit of measure 
or of things. Over half (54%) would re- 
quire a labeled answer if the question asks 
for “How many?” of a certain unit of 
measure but would permit omission of a 
label if the question asks for “How many?” 
of a certain thing as trees, cows, etc. 
Twenty-nine per cent would permit omis- 
sion of all labels including $, ¢, °, and %. 

In the II ‘‘Miscellaneous”’ section pref- 
erence is given to labels. In Number 1, 
dealing with population, there is little 
difference. Numbers 2 and 3 show a de- 
cided preference for labels, in both cases 
“miles per hour.’’ No great difference is 
found in Number 4 (3 or 3 dozen), the 
unlabeled answer having 43% and the 
labeled answer 57%. Number 5 which 
asks ‘‘How much greater is the distance, 
etc.” has 17% for no label and 83% for a 
label. Number 8 shows considerable dif- 
ference, 12% accepting no label for area 
while 88% prefer the label. Equally in- 
teresting is the response for Number 10 
where 17% would permit no label while 
83% favor a label for “degrees.”” Other 
comparisons may be made by reference 
to the chart. 

For Part III “Suggest a Rule” and Part 
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IV, “Remarks” there were responses that 
overlapped considerably. Of all responses 
only 250 could be more or less “catego- 
rized.” 

Considering Parts III and IV jointly, 
the following outline summary gives some 
kind of idea of the trend of responses. 
(Figures represent the number of answers 
rather than the per cent.) 


I. “Labels 
Total 89 
A. “Label all answers’”—61 
B. “Label for clear thinking and 

understanding” —15 
C. “Answers should be given in 
complete sentences’’—7 
D. “Require children to label all 
answers to avoid confusion’’—7 
. “All problem answers should be 
labeled unless the question explic- 
itly states the label” —40 
. “The answer to the problem should 
answer the question asked in the 
problem’—39 
. “Deduct only a certain amount of 
credit if the label is missing’—25 

’. “Labels are necessary only for 
units of measure (including 
money)”’—14 

‘I. “Consider correct every answer 
without a label except answers 
dealing with S, ¢, %, and degrees.” 
(Some stated only $ and ¢)—12 

. “Consider problems a reading ex- 
perience. Interpret answers’”—8 
“Avoid rules” —6 
“Habits in arithmetie are more im- 
portant than rules’’-—4 

. “Do not mark an unlabeled answer 
wrong. Call attention to the need 
of a label” —4 

. “Consider the individual needs of 
the children’’—4 

. “It is not fair to mark an answer 
wrong if the work is right but the 
label is missing’’—2 

XIII. ‘Labeling depends upon the object 
of the lesson” —2 


should be  required’’— 


(Several called attention to redundancy 
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concerning “C’’ of “General.” For in- 
stance, this comment was made about 
illustration (1) under “C’’: “The answer 
to the question is 27. To say 27 pupils, 
in this case, is redundant.’’ The problem 
was: “Miss Smith has a class of 15 boys 
and 12 girls. How many pupils has she?’’) 


Summary of Findings 


In this summary it is assumed that the 
“answer” referred to is always numerically 
correct. 

Judging from results of checking the 
“General” questionnaire section one may 
safely assume that: 

1. There are differences of opinion re- 
garding the extent to which arith- 
metic problem answers should be 
labeled but that the majority (79 per 
cent) of those who answered the ques- 
tionnaire favor labeling generally. 

. Sixty per cent would mark “correct” 
an unlabeled answer if the problem 
asks “How many?” of a certain thing 
or unit of measure expressed in the 
problem. 

. Over half (54 per cent) think that a 
pupil should be required to label an 
answer if the question asked is ‘How 
many?” of a certain unit of measure, 
such as bushels, gallons, pounds, miles, 
etc., but tha+ the label may be omitted 
if the question asked is “How many?” 
of a certain thing, such as, trees, cows, 
marbles, pupils, books, etc. 

. More than one fourth (29 per cent) 
would mark an answer “correct” if 
the pupil omitted any kind of label 
whatever including such signs as §, 
¢, ° (for degrees) and %, except in a 
problem specifically calling for a label 
as in the case of listing recipe ingre- 
dients. 

. More than one fourth (29 per cent) 
would mark “correct”? an unlabeled 
answer if the problem asks, ‘How 
much?’’, “What amount?” or the like 
with reference to a certain thing or 
unit of measure (not including money) 
expressed in the problem. 
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6. More than one fourth (26 per cent) 
would mark “correct’’ an answer not 
labeled if the question asked is, ““How 
far, high, deep, long, wide, tall, etc?” 
if the unit assumed in the answer is 
that which is expressed in the problem. 

. One fourth (25 per cent) would mark 
“correct”’ an answer not labeled if the 
question asked is, ‘‘What is the length, 
width, height, depth, thickness, dis- 
tance, etc?” if the unit assumed in the 
answer is that which is expressed in 
the problem. 

. One fourth (25 per cent) would mark 
“correct’’ an answer omitting the dollar 
sign if among a set of examples made 
up of abstract numbers for testing 
computation there is an example 
having the dollar sign. 

9. About one eighth (12 per cent) would 
mark “correct”? an unlabeled answer 
to a problem dealing with area if 
dimensions are given in the same unit 
of measure. (Illustration: 10 feet by 
13 feet) 

. Only 8 per cent would mark “correct” 
an answer omitting the dollar or cents 
sign in a problem in which the ques- 
tion asked is, ‘‘What amount?’, “At 
what price?”’, “What is the cost?’, 
“How much?” or the like. 


The ‘‘Miscellaneous” questionnaire sec- 
tion indicates a fair degree of consistency 
with the “‘General’’ section. With refer- 
ence to the type of answer considered 
acceptable one may safely assume that: 


1. Generally there is a preference for a 
labeled answer regardless of how the 
question is stated. 

2. If a problem asks, “‘What is the popu- 
lation?”’, the preference is a label, 
such as “people” (or rather, ‘“‘per- 
sons’), 

. If an answer is a fraction (for example 
in the answer to “What part of a 
dozen, etc.”’) the preference is to have 
the label of the unit, as, “2 dozen’”’ 
rather than merely ‘3’’. 
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4. The preference for expressing “speed”’ 


is ‘miles per hour” rather than an 
abstract number of merely “miles.” 

5. A labeled answer to a problem asking 
such a question as, “How much 
greater is the distance around the 
world, etc?” is far more preferred to 
an unlabeled one. 

j. If the question asked is, “‘How many 
times as much, ete?” a labeled answer 
is preferred to an abstract number. 

. If the question asked expresses the 
unit in such a question as, ‘‘What is 
the length of the ribbon in inches?” a 
majority of teachers prefer a labeled 
answer. 

. Even though the unit of measure is 
explicitly expressed in such a problem 
as, “The front blackboard has an 
area of 30 square feet while the side 
blackboard has an area of 48 square 
feet. How much larger is the side black- 
board?”, the majority of teachers 
favor a labeled answer. 

. In a problem asking for the “average 
number” of a certain thing, a labeled 
answer is preferred. 

. The majority of teachers prefer 3 
label for degrees if the question asked 
is such as, “What was Billy’s tem- 
perature?” 


Parts 1 ‘‘Please suggest a rule, etc.” 
and 1v ‘‘Remarks” indicate that: 


1. Very many teachers believe in a 
blanket rule: ‘“‘Label all answers.” 

2. Many teachers believe that the label 
may be omitted in the answer if the 
‘label’ is expressed explicitly in the 
question. 

. Many teachers believe that the answer 
to the problem should answer the 
question asked in the problem (in- 


5. A considerable number of teachers feel 
that problem-solving is not a mere 
answer-getting process and that stress 
should be placed not so much upon 
how the answer is stated as upon how 
the child has reasoned in his work. 

}. Some teachers feel that labels are 
necessary only for units of measure, 
including money. 

. Some teachers would consider correct. 
every answer without a label except 
answers referring to $, ¢, %, ete. 

. Some believe in avoiding rules but 
prefer to train children to state an- 
swers in such a way that the question 
in the problem is answered. 

9. A few advocate complete sentences 
for answers so that there is no doubt 
in the child’s mind as to what is the 
“label.” 

. Individual differences and abilities 
must be considered in marking an- 
swers in arithmetic. 


Conclusions 


The investigation concerning the label- 
ing of arithmetic problem answers has not 
settlee anything as for a definite guide in 
the matter. 

There is much evidence that this mat- 
ter presents a difficulty not only to ele- 
mentary school teachers but also to all 
who are deeply interested in teaching 
problem-solving. 

Textbook answer keys omitting labels 
for certain problem answers may be far 
better understood as a result of this in- 
vestigation (perhaps the outstanding re- 
sult) inasmuch as a majority of teachers 
have indicated that they would consider 
“correct”’ an unlabeled answer if the ques- 
tion asks, “How many?” of a certain unit 
explicitly expressed in the question. Close 


dicating acceptability depending upon 
the discretion of the teacher). 

. A considerable number of teachers 
advocate deducting a certain amount 
of credit if an answer is not labeled; 
they would not mark the answer en- 
tirely wrong. 


examination of a textbook, the answer key 
for which sometimes omits labels, will 
reveal that it is the “How-many’” type 
of problem (in which the “‘label’’ as a rule 
is explicitly expressed in the question part) 
which is the one for which the answer key 
gives no label. 
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Much of what the authors of arithmetic 
textbooks know about acceptable answers, 
the elementary teachers do not know. The 
average, teacher, for example, does not 
know why one author omits labels in 
most cases while another author gives 
labels for all of the answers that can be 
labeled. (How many elementary teachers, 
for example, consider the matter of “‘re- 
dundancy’’?) 

Taken for granted that problem-solving 
is not mere answer-getting, the answer, 
nevertheless should answer the problem. 
But the child (who knows even less about 
“redundancy,” for example, than does his 
teacher) may be very much puzzled if he 
should attempt to analyze why the an- 
swer key omits labels for some problems 
and not for others. 

Even though the teacher may refuse to 
be disturbed over such a matter as-“‘an- 
swers,” regardless of how deeply she is 
concerned about teaching the child and 
not the subject, teaching problem-solving 
as a reasoning process, etc., etc., she still 


does not escape the inevitable testing, 
and she may have no control over rules 
for checking answers. 

In the last analysis, it is the child who 
is affected fundamentally. It is he who is 
learning to reason in problem-solving in 


arithmetic, but it is also he who is being 
marked either justly or unjustly. In the 
present state of confusion concerning the 
matter of labeling answers to problems, 
who is right? 

The cooperative effort of teachers, ad- 
ministrators, supervisors, and textbook 
and test authors apparently is needed to 
work out a solution. 

Since diversity of opinion is bound to 
exist even within a school system, a 
common understanding might be agreed 
upon for guiding principles to be listed in 
an arithmetic handbook (1) to aid the 
teacher and the pupil in understanding 
the textbook answer key and (2) to serve 
as authority for answer keys for problems 
prepared for testing within the system. 


Epiror’s Nore. Miss Ullrich has found that 
there is no real agreement among teachers and 
writers in the matter of “labeling answers’ to 
problems in arithmetic. It is disturbing that we 
have no generally accepted principles for guid- 
ance of teachers, editors, ete. Miss Ullrich’s in- 
vestigation is a good starting point for some re- 
sponsible group that will seek to establish 
guiding principles for use by writers, editors, 
and teachers. The editor suggests that a com- 
mittee of writers and teachers, sponsored by 
The National Council of Teachers of Mathe- 
matics, undertake the task and that the result- 
ing guide be made available to school people 
generally. 








BOOK REVIEWS 


Arithmetic We Need, Grades 3, 4, 5, 6, and 

7. Teaching Arithmetic We Need, Grades 

3 and 4, Buswell, Guy T., William A. 

Brownell, and Irene Sauble. Ginn and 

Company, 1955. 

The first five books of this series of 
Arithmetics and the first two of a promised 
set of MaNvats are attractive volumes 
and bear witness to the careful work for 
which their authors are so well-known. 
We have come to expect that textbooks 
in arithmetic will have gay bindings, an 
attractive format, lavish use of color, and 
problems and illustrations that appeal to 
children. The series Arithmetic We Need 
fulfills these expectations. In addition, 
there are features that greatly increase 
the usefulness of these texts to a busy 
teacher. For example, a page in the sixth 
grade book is as follows: the heading is 

At ZENO’s 

At the bottom of the page is a picture of 
Zeno’s Fruit Stand which is the scene of 
the problems. Underneath the heading, 
underscored in red, is the direction ‘Tell 
which estimate after each problem seems 
best and why.’ The key words “Estimat- 
ing answers” are in small italics at the 
upper right and (O) following the key 
words indicates that the work that follows 
should be oral. A number of problems fol- 
low with three plausible answers after 
each and from which the pupil is to select 
the best one. At the bottom of the page 
are the words 

“Now go back and write your work for 
each problem.’’ An experienced teacher 
will not require such explicit directions 
but the beginning teacher will find that 
they lead him to pay the attention that 
the authors desire in order that oral dis- 
cussion be an essential part of class work 
in arithmetic. 

The Manvats amplify the work fur- 
ther. Each gives an introduction telling 
how to use the Manual, then an overview 


of the program for the grade in question, 
the arithmetic background that the text- 
book assumes, and then the details of the 
textbook for that grade, chapter by chap- 
ter. Each textbook page is reproduced on 
a smaller scale than in the text with a com- 
mentary telling the pupil’s objectives, the 
pupil’s background, the teacher’s prepara- 
tion for the lesson even to the properties 
that are needed, the pre-book lesson, the 
book lesson containing suggestions for 
dealing with the slow learner and with the 
rapid learner, and finally “‘Differentiations 
and Extensions” which suggest further ac- 
tivities. Following these suggestions, a 
classroom weuld soon become 2 place in 
which you are constantly reminded that 
you need arithmetic and that you use it 
everyday. 

The textbooks made ample provision 
for practice in computation. 

The series has outstanding values. 

On the negative side, the following items 
seem unfortunate to the reviewer. In the 
Manual for Grade 3, p. 72, a picture 
labeled Numbers CursBoaxrp shows a bul- 
letin board with a horizontal row of eight 
hooks and hanging from each a string of 
ten beads. Under the strings of beads are 
numbers reading from left to right, 10, 20, 
30, 40, 50, 60, 70, 80. The title reads “‘Or- 
ganizing and labeling groups of objects by 
tens helps children learn how 2-place num- 
bers are written.” This suggests that in 
counting a bowlful of beads, the children 
string them in groups of 10 and then count 
the groups. But in the picture, a child 
points to the label 20 and nothing indi- 
cates that this number represents the 10 
beads over the 10 and the 10 beads above 
the 20. In Grade 4, the study of Roman 
numerals begun in Grade 3 is reviewed by 
looking at the numerals on a clock face. 
It is a minor point, but the clock face in 
the picture has IV for 4. What is the prob- 
ability that a pupil will find 4 in that 
form on the next Roman numeral clock 
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face he sees? Isn’t it more likely that the 
clock will be marked ILII? It would seem 
wise to give the pupil both forms with the 
statement that ILII is seldom seen any- 
where except on a clock face. In Grades 5 
and 6, the authors have stated ‘We 
usually say that any number that contains 
a decimal fraction is a decimal.” They 
then restrict the word “fraction” to a 
common fraction and condense “decimal 
fraction” to decimal. This practice is 
widespread, but none the less unfortunate. 
It tends to foster the idea that “fractions” 
and “decimals” are radically different. On 
page 105 of the text for Grade 5, there is a 
serious blunder. The question is how many 
inches are there in 2 of a yard. The ex- 
planation reads: 


l yd.= ?in.; jYof36=?; 2#=3x9 or? 


The same pattern is repeated later on the 

same page. Let us hope that the final state- 

ment is revised to he 2? of 36=3X9 or ? 
VerRA SANFORD 


The following pamphlets are “‘Educa- 
tional Service Publications” available from 
The Extension Service, lowa State Teach- 
ers College, Cedar Falls, Iowa. They are 
reviewed by Miss Angela Pace. 


Issue No. 2. Arithmetic: For Developing 
an Understanding of Place Value, H. 
VanEngen, 1946. 10 pages, 10 cents. 
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This bulletin presents procedures for develop- 
ing an understanding of place value. It shows 
how such simple materials as tongue depressors, 
sticks, squared paper, money, an abacus, and 
a wall chart can be used effectively to help chil- 
dren understand the positional character of our 
number system. 


Issue No. 3. Arithmetic: The Teaching of 
Fractions in the Upper Elementary 
Grades, H. VanEngen, 1946. 27 pages, 
10 cents. 


This bulletin describes procedures for teach- 
ing fractions meaningfully in the upper ele- 
mentary grades. Basic fraction concepts to be 
developed in these grades are presented. The 
author then describes many types of experiences 
which the pupils should have if they are to grow 
in their ability to use fractions effectively in 
quantitative situations... Many practical sug- 
gestions for teaching of the fundamental opera- 
tions with fractions are offered. The use of dia- 
grams in the initial stages is stressed and illus- 
trated in detail. Teachers will find this part 
especially valuable. 


Issue No. 5. Arithmetic: Using a Ten in 
Subtraction, D. Banks Wilburn, 1947. 
10 pages, 10 cents. 


This bulletin is of particular value to the 
teachers of the third and fourth grades. It de- 
scribes in detail procedures which might be used 
in teaching children in these grades how to use a 
ten in subtraction. Specific suggestions are given 
for guiding children’s experiences in using a ten 
meaningfully. Concrete objects are recom- 
mended for use in the initial stage. Less concrete 
procedures are described for guiding the children 
gradually from this initial stage to more mature 
levels of thinking. 








Hindu-Arabic Numerals 


VERA SANFORD 
State University Teachers College, Oneonta, N. ¥. 


HE NUMERALS WE USE seem so simple 
Tina practical that we take them for 
granted. We tend to belittle them because 
they are familiar. On thé other hand, we 
are painfully aware of the difficulties 
children have in learning to use them. So 
it is appropriate to survey the develop- 
ment of Hindu-Arabic numerals, not 
because we will at once relay the informa- 
tion to our pupils, but because we do 
our best teaching when the subject the 
children are investigating is one that com- 
mands our respect and admiration. 

It is the purpose of this article to discuss 
the important features _of our_numerals 
and the history of these numerals. 


Significant Features of . 
Hindu-Arabic Numerals 


Base 10 


When a culture has developed to a point 
where large numbers must be named and 


recorded, we find a consistent use of the - 


number ten. Thus Egyptian numerals 
have symbols for one, ten, one huSdred 
(10X10), one thousand (10X10X10)... 
and numbers are made up by repeating 
these symbols i, e., two tens, five ones for 
twenty-five. This dependence on ten may 
be explained by the use of the fingers to 
show numbers as is indicated by the word 
digit (Latin digitus, a finger) meaning the 
numerals 1-9. 

The use of ten as a basic element of a 
system of numerals is subject to varia- 
tion. The Roman intermediate symbols 
for five ones, five tens, etc., provide one 
instance of this. The Babylonians, in 
astronomical work, used a grouping by 
sixties for very large numbers and by 
sixtieths for fractions. This is a system 
that still survives in our division of an 
hour into minutes and seconds. Thus a 


number we might write as 1,52 would 
mean | X60+52 or 112. Traces of group- 
ing by twenties exist in certain number 
names: 


The English “three score and ten’”’ 

the Latin undeviginti (one less than 
twenty for nineteen) 

the French Quatre vingts (four twenties 
for eighty). Quatre vingt un to quatre 
ving dix neuf (for the numbers eighty 
one to ninety nine). 


The idea of grouping by powers of ten 
(10, 1010, 10X10X10) is basie to the 
Hindu-Arabic numerals. Thus the number 
352 means 3 hundreds, 5 tens, 2 units. The 
pattern may be continued without limit. 


Place Value and the Zero 


When the number three hundred two is 
expressed in Roman numerals, it is writ- 
ten CCCII. In Hindu-Arabiec numerals 
it is 302, the zero indicating that there are 
no tens. Zero ia necessary element in our 
system of numeyals. It fills in the other- 
wise vacant places. There was no need 
for a zero in Roman numerals. 

This is the really amazing but quite 
simple invention that we are using when 
we have children count pennies by group- 
ing them in piles of ten and writing the 
number as the number of tens and the 


number of ones, or when we identify the - - 
hundred’s place or speak of the ten’s -? 


column. 


History of Hindu-Arabic Numerals 


There are three miles 


ity of the present Bombay in India.-These * 


ere é in the de-.* 
velopment of Hindu-Arabic numerals. 4 
(1) It was about 300 B.C. that the ances-# 
tors of our numerals were used in the vicin- <7 


numerals had symbols for the units, for 
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multiples of 10, for multiples of 100, etc. 
Thus te write the numbers from 1 through 
999, you would need 27 different symbols. 
(2) It was about 600 A.D. that people were 
using a zero in these numerals making 
place value possible and making special 
symbols for numbers greater than 9 un- 
necessary. (3) The third milestone is the 
vear 1585 when the first systematic ac- 
count of decimal fractions was printed. 

Prior to the time when zero appeared, 
Higdu numerals had the important char- 
acteristic that numbers from one to ten, 
multiples of ten, multiples of one hundred, 
etc. were not built up by repeating the 
skmbols for one, ten, and one hundred, 
but were given distinct symbols of their 
own. This scheme had characterized other 
systems of numerals, the Hebrew ones for 
example. 

The idea of a symbol for zero probably 
.did not originate in India. In the case of 
Babylonian numerals of about 2000 B.C., 
the number 1,52 might mean 1X60+52 
or 1+52/60 or 1/60+1/60 X60 according 
to the context. By 300 B.C., howevey 
Babylonian records involving mathematic 
or astronomy make use of a symbol for 
zero. Thus the numerals for 11 followed by 
a zero would mean 11X60+0. Greek 
astronomers began using a symbol for 
zero also, probably borrowing the idea 
irom the Babylowans, and when Hindu 
astronomers became acquainted with the 
work of these men, they incorporated the 
idea in their numerals. At this point, Hin- 
du-Arabic numerals gained their great 
superiority over other systems for they 
coupled the idea of place value with a 
system that had distinct, separate sym- 

bols for the numbers 1--9 and for zero. 

It was about 775 A.D. that important 
Hindu manuscripts dealing with astron- 
omy and with mathematics were brought 
,to Bagdad which was then the center of 
Moslem culure. The caliphs of Bagdad 
were active in collecting Greek and Hindu 
manuscripts and in having them trans- 
lated into Arabic, and the Moslem univer- 
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ing. It was at these universities that 
“wandering scholars” from Christian 
Europe learned the new numerals. Mean- 
time, European traders dealing with 
Moslem countries had in all probability 
learned them also. 

In Europe, Hindu-Arabic numerals 
made _ slow headway against Roman 
numerals. Arithmetic with the pen was in 
competition with arithmetic with counters. 
In the twelfth century and later, essays 
called Algorisms described these numerals 
and told how to use them in computation. 
The Italian, Fibonacci (1202), who had 
spent his boyhood in a Moslem city in 
North Africa, used these numerals in his 
Liber Abaci which was the most important 
book on mathematics produced in Europe 
in that century. Later, printed arithmetics 
sometimes gave both methods of computa- 
tion. At times the new numerals were 
frowned upon. In 1594 merchants in the 
city of Antwerp were warned not to use 
the new numerals in contracts or in writ- 
ing drafts on their bankers. This was 
nearly a decade after Simon Stevin of the 


~nearby city of Bruges had published a 


short pamphlet on decimal fractions! 
The extension of the idea of place value 
to include fractions put the finishing 
touch on Hindu-Arabic numerals. Stevin 
described these new numbers as sub-units 
calling them primes (tenths), seconds 
(hundredths), thirds (thousanths), etc. 
He marked these numbers by using a tiny 
zero in a circle to show units, a 1 in a circle 
for tenths, and so on. These symbols 
might be written above, below, or follow- 
ing the digit to which they applied or the 
one symbol for the place on the right might 
be written after the number. Stevin 
showed how the numbers were used in 
computation, establishing the validity of 
each process by converting the numbers 
and the result to common fractions. He 
showed, fof example that if you were 
multiplying “seconds” by “thirds the 
product would be fifths (hundredths times 
thousandths make hundred-thousandths). 


sities became important centers of learn- Stevin then tells how these numbers may 
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be used in surveying and in other com- 
putations involving measurements and he 
even hoped that they might be used in 
coinage. This hope was realized in the 
United States two hundred years later 
when this country was a pioneer in the 
matter of decimally divided coinage. In 
the introduction to the pamphlet, Stevin 
refers to the use of the base sixty in Baby- 
lonian fractions and says that he adapted 
it to his new numbers replacing 60 by 10. 
He says “If we may trust to experience, 
and we say this with all reverence to the 
past, the decimal and not the sexagesimal 
(60) is the most convenient of all progres- 
sions that exist potentially in nature.” 

Thus the Hindu-Arabic numerals had 
their origin in India and entered Europe 
from the Moslem culture. in ali probahil- 
ity the zero was of Babylonian origin and’ 
came into India by way of the Greek 
writers. Finally, on the authority of the 
first person to write a detailed account of 
decimal fractions, this invention also 
stems from Babylonian: sources. 
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Topics AND QUESTIONS FOR FURTHER 
STUDY 
. Postage stamps and coins from countries 
that are predominantly Moslem show nu- 
erals—modern Arabic ones—that are 
closely related to ours, but that are not 
identical with them. List these numerals, and 


be on the lookout for pictures of street ; 


scenes in these countries to see the route 
numbers on buses, numbers on license tags and 
the like. 

. What numerals are used in China? in Thai- 
land? in Japan? 

. If the base of a system of numbers is 2, the 
places in the numbers would have the values 
1, 2, 2X2, 2X2xX2, ---.Insuch a system of 
numbers, what would be the value in our 
base 10 of a number 100.? The little 2 at the 
right indicates the base. What would be the 
value of 10102? 

. How many symbols do you need to write 
numbers using the base 10? the base 2? the 
base n where n is a whole number greater 
than 1? , 

. General Motors reported its net sales in 1954 
as $9,823,526,291. Read this number. What 
base did you really use in pacing off this 
number? Complete this statement: In Hindu- 
Arabic numerals, the place value of each 
position in the number is a power of .... 


Eprtror’s Nore. As we increase our attention 
to meaning and understanding in arithmetic it 
becomes more important that teachers know 
about the nature and origins of the things we 
use. Our Hindu-Arabic system of numbers 
has often been called one of the most important 
inventions of the human race. Miss Sanford is 
one of our standard authors in the histery of 
mathematics. Here she has detailed briefly some 
of the interesting facts and features about nu- 
merals and the way they have come to be used. 
References like Numbers and Numerals should 
be in every school library. 





1956 Will Be Leap Year 


“Leap Year’ *is mathematical. Normally, 


fixed holidays such as July 4, March 17, Novem- 
ber 11, etc. come one day later in the weelweach 
year than in the preceding year. This is because 
365 +7 has a remainder of one. But in leap year 
366 +7 has a remainder of two and hence each 
fixed holiday after February will skip or leap an 
extra day in the week. Because of this “leaping” 
as associated with festivals and holidays in Bri- 
tain the term “Leap Year” came into common 
usage several hundred years ago. ° 
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The Scarbacus or Scarsdale Abacus 


Lovise A. MAYER 
Scarsdale, New York 


HE “Scaxpacus,” a project of a 
‘Loa grade group in Scarsdale, New 
York, grew owt of a class discussion about 
types of counting devices. I said that I 
thought a cbunting device like an abacus 
should be one of the open end variety in 
order to give children a correct impression 
of number combinations. Young children 
in particular get a wrong impression from 
a counting frame that permits counting 
only to ten. 

Bob Sanford, one of the pupils, said he 
could make an open end abacus and in a 
day or two brought in the framework here 
illustrated. It consists of a piece of wood 
into which are set ten dowel rods of uni- 
form length and diameter. We decided to 
make one of the rods longer so that it 


would serve as a storage for the ring coun- 
ters. 

For ring counters we had to have some- 
thing that would slip easily over the 


dowels. Hilary Karp suggested ivory 
crochet rings. Bob then painted the 
abacus black. because he thought black 
and ivory looked well together. He also 
put a mark on each post to indicate the 
height of ten rings. On top of the longer 
storage post he fixed a knob which not 
only seals the storage but also can be 
placed on a post to represent zero or for 
a decimal point. 

Meredith Baldwin named the instru- 
ment a “Scarbacus’” because it was an 
abacus made in Scarsdale. Later copies 
have been made in maroon and white, 
the school colors. The red section of the 
posts extend as high as ten rings will cover. 

The Scarbacus was originally designed 
for use in primary grades but I find it 
useful also in teaching place value in the 
number system, with directed numbers, 


and for “digit problems” in elementary 


Jeanette Cannon and Sheldon Ogilvy use 
the Scarbacus to demonstrate numbers. 


algebra. It can also be used for demon- 
strating number systems other than our 
Hindu-Arabic system with the base ten. 
A blind boy in the third grade finds it both 
a pleasure and a real help in his number 
work. For primary grades an instrument 
with fewer posts would serve as well and 
would be easier to handle. 

The materials for making a Scarbacus 
are readily available and the construction 
is not difficult. A boy in the junior high 
school grades who knows how to use sim- 
ple tools can do it. The original Scarbacus 
was made in October, 1951. Its use has 
been demonstrated at teachers’ meetings 
in Westchester County and at the Meeting 
of the Association of Mathematics Teach- 
ers of New York State. It was exhibited 
at the New England Institute held at 
Massachusetts Institute of Technology in 
August, 1954. 


Epvitor’s Note. Pupils frequently learn a 
good deal in the developmént of a device such as 
the “Scarbacus.” Later values depend much 
upon how a teacher leads pupils in their ‘‘dis- 
covery” of new ideas and principles. Several 
teachers have reported using an abacus in high 
school for illustration of adding and subtracting 
positive and negative numbers and numbers of 
bases such as two, eight, and twelve. 
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How Big Is a Billion? 


LatrEN G. Woopny 
Central Michigan College, Mount Pleasant 


OST OF US WILL NoT have the ex- 
M perience of counting a million dol- 
lars, but, if we were to do it using new 
ten-dollar bank notes, the stack of bills 
would be about 40 feet high. How long 
would it take you to count out a billion 
dollars using one-dollar bills? Assuming 
that you are fairly skilled in the technique 
and can count at the rate of 4 every 
second, you could count $240 in a minute 
or $14,400 in an hour. It would take you 
nearly 2 forty-hour weeks to count out a 
million dollars. If you worked regularly 
for a year, you could count about 30 
million dollars. You would be considering 
retirement before you finished counting 
the billion dollars! 

A seventh grade girl, who was curious 
about the size of a million, counted a 
thousand kernels of dried corn and found 
that it amounted to approximately one 
cupful. She was surprised to find that 
a million kernels of this corn would amount 
to about 8 bushels. It was perhaps even 
more astonishing to learn that a billion 
kernels would be equivalent to about 8 
thousand bushels. Certainly one outcome 
of this experience was a more concrete 
notion of the magnitude of a million. 

The words ‘‘million” and ‘“‘billion’”’ are 
common ones, yet most of us have no 
concept of the magnitude of these num- 
bers. One suggested procedure for making 
these numbers more meaningful to pupils 
in the elementary school is to have one 
child bring a pint jar of wheat and dis- 
tribute portions to each pupil to count. 
Addition of the amounts counted would 
result in a better understanding of the 
numbers “hundred’’ and “thousand.” 
Considerable experience in problem solv- 
ing is possible. For example, one problem 
might be “How many grains of wheat 
are there in a bushel?”. The resourceful 
teacher could capitalize on the opportu- 


ity to stress the meaning of the processes 
of addition and multiplication. Other 
problems will be suggested. The pupil who 
contributed the wheat might tell how 
many bushels were produced from the 
particular field, and the problem of find- 
ing how many grains of wheat were pro- 
duced could be solved. A more compli- 
cated problem would be to find how many 
fields of this size it would take to produce 
a million bushels. Incidentally, the aver- 
age yearly production of wheat in the 
United States is about one billion bush- 
els. 

Practice with large numbers obtained 
from counting objeets is impressive be- 
cause the physical size of the objects (or 
of the container) is closely associated 
with the resulting number. The experi- 
ence of counting and handling the objects 
adds the element of realism that is often 


lacking in situations involving large num- 
bers. 


The size of crowds and the population 
of cities also can contribute to the -mean- 
ing of thousand and million. For example, 
the University of Michigan Stadium seats 
nearly a hundred thousand people-— 
twice the population of the city of Ann 
Arbor in which it is located. Any person 
who is a part of this crowd on a Saturday 
afternoon is likely to gain a better con- 
cept of the magnitude of this number. 
Ten such crowds would total a million 
people. 

The population of the entire United 
States is about one-sixth of a billion: 

It is interesting to note that the mean- 
ing of the term “billion” in Great Britain 
is quite different from the meaning of our 
“billion.” In our system, a thousand 
million is ealled a billion and a thousand 
billion is called a trillion, but in the British 
system a million million is called a billion 
and a million billion is called a trillion. 
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How Many Children Are Here Today? 


Mrs. Ester InstEBo 
Grade One, E. C. Hughes School, Seatile, Washington 


UMBERS SEEMED TO BECOME more real 
té& my first graders last fall when we 
decided to use as counters the self-portraits 
we had made for open house. It was con- 
sidered a privilege for one child to point 
to the portraits with a ruler while another 
tapped the actual person gently on the 
shoulder or head. This seemed to establish 
the one to one relationship so necessary in 
early rote counting. Fach child watched 
intently to be sure he was tapped as his 
portrait was pointed out. The portraits 
were so renl to the children that taking 
daily attendance became a true number 
experience very quickly. The inevitable 
first grade chart story of “We have——— 
boys, We have——— girls, We have 
children.” came easily because the 
children looked forward to counting their 
friends each day. 

In addition to the usual practice of 
counting the boys, counting the girls, 
counting the total numoer, the absence of 
any class member soon pointed up the 
need for the use of subtraction. In finding 
out the total number absent the children 
soon discovered simple addition facts also. 
For instance, the absence of two boys and 
one girl not only made our room total less 
but also provided a simple number com- 
bination of 2 plus 1. As the days passed it 
was fun to work out number groupings 
with the children themselves and then to 
arrange their portraits to correspond. 
Thus we moved easily into counting by 
two’s, three’s, four’s, and sometimes 
five’s. We made a game of number stories, 
such as, ‘I see that 4 and 3 make 7.” The 
corresponding subtraction fact “I see 7 
boys, if 3 go away, 4 will be left” seemed 
to come naturally too. One day when 17 





boys and 9 girls were present and the prob- 
lem they made called fer carrying it 
seemed the logical time to introduce tiem 
to the idea of beginning place value. We 
forgot boys and girls as such temporarily 
and counted children in groups of ten. 
From this regrouping evolved 2 tens and 
6 more. Since then they have been en- 
couraged to think in terms of ten and 7, 
ten and 1, and 2 tens (20) and 8. 

As the children’s understanding of 
number vocabulary began to develop 
meaning it provided repetition for their 
reading vocabulary as well. The keen in- 
terest in their number chart stories seemed 
to re-enforce the sight vocabulary in the 
reading program of such abstract words 
as “here,” “there,” “are,” and “this.” 

As the year drew to a close it seemed ap- 
parent that the high interest level main- 
tained in this number project throughout 
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the year. was largely a result of the close 
relationship each child seemed to have 
with his own portrait and with those of 
his friends. 

The portraits were made of orange- 
colored construction paper mounted on 
cardboard. The eyes and mouth were of 
cut paper. The hair was made of tulip 
yarn cut in appropriate styles and lengths 
and pasted in place. 


Eprtor’s Note: Work with the number idea 
represented in things of great interest to chil- 
dren is usually very pleasurable to them. The 
“game element” inherent in the mode of teach- 
ing and guiding learning used by Mrs. Instebo 
is another factor of interest and motivation. 
Certainly it is much more fun to add real things 
in the early stages than to memorize the com- 
binations of abstract number symbols and such 
meaningful learning uses 2 method 2f discovery 
which a pupil may project into new learning. 





The Fracto-Percenter 


WituiaM B. Roys 
Scarsdale, New York 


HIS DEVICE CAN BE MADE on heavy 
pone or ‘‘oak tag”’ and then pasted to 
a rigid background such as plywood or 
compoboard. The edges can be bound 
with masking tape. For classroom use it 
is suggested that the outc~ circle be twelve 
or sixteen inches in diameter. The twenty 
sections of the circles can be made by use 
of a protractor: Each section being 18 de- 
grees wide. It is suggested that the per- 
cents be lettered in blue and the fractions 
in red. When all the design work has been 
done, the surface should be shellacked so 
that it is more permanent and will soil 
less readily. 





The Fracto-Percenter 


The pointer should be made of wood 
with one end painted blue and the other 
end red. The blue end should be wide 
enough so that it will cover the fraction 
symbol in one section of the fraction . 
circle. Note that the pointer is attached 
“off center’ so that as it rotates the 
longer end (blue) covers a fraction and the 
red end points to the proper fraction. At- 
tach the pointer with a short bolt at the 
center of the circles. Use a washer on the 
top surface so that the bolt head will not 
rub and so the pointer will turn easily but 
not swing too freely. 


Epitor’s Notes. William Roys made the 
“‘Fracto-Percenter” last Spring when he was an 
eighth grader in Louise Maver’s class in Scars- 
dale. Teachers will see various uses of this de- 
vice. It might be a worth-while class or home- 
work project for pupils to make a similar 
device. They can learn a good deal as they 
plan, think, and carry out the work. . 
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